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DIAGONAL INVARIANTS AND
THE REFINED MULTIMAHONIAN DISTRIBUTION
FABRIZIO CASELLI
Abstrat. Combinatorial aspets of multivariate diagonal invariants of the symmetri
group are studied. As a onsequene it is proved the existene of a multivariate exten-
sion of the lassial Robinson-Shensted orrespondene. Further byprodut are a pure
ombinatorial algorithm to desribe the irreduible deomposition of the tensor produt
of two irreduible representations of the symmetri group, and new symmetry results on
permutation enumeration with respet to desent sets.
1. Introdution
The invariant theory of nite subgroups generated by reetions has attrated many
mathematiians sine their lassiation in the works of Chevalley [10℄ and Shepard and
Todd [26℄ with a partiular attention on the ombinatorial aspets of it. This is mainly
due to the fat that the study of invariant and oinvariant algebras by means of generating
funtions leads naturally to nontrivial ombinatorial properties of nite reetion groups.
A ruial example in this ontext whih is a link between the invariant theory and the
ombinatoris of the symmetri group is the Robinson-Shensted orrespondene. This
orrespondene (see [22, 24℄) is a bijetion between the symmetri group on n elements
and the set of ordered pairs of standard tableaux with n boxes with the same shape. This
is based on the row bumping algorithm and was originally introdued by Robinson to
study the Littlewood-Rihardson rule and by Shensted to study the lengths of inreasing
subsequenes of a word. This algorithm has found appliations in the representation theory
of the symmetri group, in the theory of symmetri funtions and the theory of the plati
monoid. Moreover, it is ertainly fasinating from a ombinatorial point of view and has
inspired a onsiderable number of papers in the last deades. This orrespondene has been
generalized to other Weyl groups, by dening ad ho tableaux, or to semistandard tableaux
in the so-alled RSK-orrespondene, by onsidering permutations as speial matries with
nonnegative integer entries.
The main goal of this work is to exploit further the relationship between the Robinson-
Shensted orrespondene and the theory of invariants of the symmetri group. By in-
terpreting the Hilbert series with respet to a multipartition degree of ertain (diagonal)
invariant and oinvariant algebras in terms of (desents of) tableaux and permutations we
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dedue the existene of a multivariate extension of the Robinson-Shensted orrespondene,
whih is based on the deomposition of tensor produt of irreduible representations of the
symmetri group. The idea of a relation between diagonal invariants and tensor produt
multipliities for a nite subgroup of GL(V ) goes bak to Solomon (see [27, Remark 5.14℄)
and pervades the results of Gessel [17℄ on multipartite P -partitions. Although we an not
dene this orrespondene expliitly, we an dedue from it an expliit ombinatorial al-
gorithm to desribe the irreduible deomposition of the tensor produt of two irreduible
representations of the symmetri group. Finally, we show some further onsequenes in the
theory of permutation enumeration.
2. Bakground
Let V be a nite dimensional C-vetor spae and W be a nite subgroup of the general
linear group GL(V ) generated by reetions, i.e. elements that x a hyperplane pointwise.
We refer to suh a group simply as a reetion group. The most signiant example of
suh a group is the symmetri group ating by permuting a xed linear basis of V . Other
important examples are Weyl groups ating on the orresponding root spae. In this paper
we onentrate on the ase of the symmetri groups (and some other related groups).
Nevertheless, we preserve the symbolW to denote the symmetri group Sn on the n-element
set [n]
def
= {1, 2, . . . , n}.
Given a permutation σ ∈W we denote by
Des(σ)
def
= {i ∈ [n− 1] : σ(i) > σ(i+ 1)}
the (right) desent set of σ and its major index by
maj(σ)
def
=
∑
i∈Des(σ)
i.
For example if σ = 35241 we have Des(σ) = {2, 4} and maj(σ) = 6. We reall the following
equidistribution result due to MaMahon (see [19℄).
Theorem 2.1. We have
W (q)
def
=
∑
σ∈W
qmaj(σ) =
∑
σ∈W
qinv(σ)
=
n∏
i=1
(1 + q + q2 + · · ·+ qi),
where inv(σ) = |{(i, j) : i < j and σ(i) > σ(j)}| is the number of inversions of σ.
The dual ation of a reetion group on V ∗ an be extended to the symmetri algebra
S(V ∗) of polynomial funtions on V . If we x a basis of V , the symmetri algebra is
naturally identied with the algebra of polynomials C[X]. Here and in what follows we use
the symbol X to denote an n-tuple of variables X = (x1, . . . , xn). The symmetri group
W ats on C[X] by permuting the variables. As ustomary, we denote by C[X]W the ring
of invariant polynomials (xed points of the ation of W ). We also denote by IW+ the ideal
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of C[X] generated by homogeneous polynomials in C[X]W of stritly positive degree. The
oinvariant algebra assoiated to W is dened as the orresponding quotient algebra
RW
def
= C[X]/IW+ .
The oinvariant algebra has important appliations in the theory of representation sine
it is isomorphi to the group algebra of W and in the topology of the ag variety sine it
is isomorphi to its ohomology ring.
If R is a multigraded C-vetor spae we an reord the dimensions of its homogeneous
omponents via its Hilbert series
Hilb(R)(q1, . . . , qk)
def
=
∑
a1,...,ak∈N
dim(Ra1,...,ak)q
a1
1 · · · q
ak
k ,
where Ra1,...,ak is the homogeneous subspae of R of multidegree (a1, . . . , ak).
We note that, sine the ideal IW+ is generated by homogeneous polynomials (by total degree)
the oinvariant algebra is graded in N. It turns out that the polynomial W (q) appearing in
Theorem 2.1 is the Hilbert series of the oinvariant algebra RW :
(1) W (q) = Hilb(RW )(q).
This is a ruial example of interplay between the invariant theory of W and the ombi-
natoris of W (by Theorem 2.1). All the other ases onsidered in this paper are algebrai
and ombinatorial variations and generalizations of this fundamental fat.
The oinvariant algebra aords also the struture of a multigraded vetor spae whih
renes the struture of graded algebra. This further deomposition an be desribed in
terms of desents of permutations and desents of tableaux and was originally obtained in
a work of Adin, Brenti and Roihman [1℄ for Weyl groups of type A and B (see also [9℄ for
Weyl groups of type D and [4℄ for other omplex reetion groups).
If M is a monomial in C[X] we denote by λ(M) its exponent partition, i.e. the partition
obtained by rearranging the exponents of M . We say that a polynomial is homogeneous
of partition degree λ if it is a linear ombination of monomials whose exponent partition
is λ. We note that the exponent partition is not well-dened in the oinvariant algebra.
For example, for n = 3 the monomials x21 and x2x3 are in the same lass in the oinvariant
algebra (sine x21 − x2x3 = x1(x1 + x2 + x3) − (x1x2 + x1x3 + x2x3)), though they have
distint exponent partitions. Nevertheless the exponent partition will be fundamental in
dening a partition degree also in the oinvariant algebra.
We reall the denition of the dominane order in the set of partitions of n. We write
µEλ, and we say that µ is smaller than or equal to λ in the dominane order, if µ1+· · ·+µi ≤
λ1+ · · ·+λi for all i. We write µ⊳λ if µEλ and µ 6= λ. We let R
(1)
λ be the subspae of R
W
onsisting of elements that an be represented as a linear ombination of monomials with
exponent partition smaller than or equal to λ in dominane order. We also denote by R
(2)
λ
the subspae of RW onsisting of elements that an be represented as a linear ombination
of monomials with exponent partition stritly smaller than λ in dominane order. The
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subspaes R
(1)
λ and R
(2)
λ are also W -submodules of R
W
and we denote their quotient by
Rλ
def
= R
(1)
λ /R
(2)
λ .
The W -modules Rλ provide a further deomposition of the homogeneous omponents of
the oinvariant algebra RW .
Theorem 2.2. There exists an isomorphism of W -modules
ϕ : RWk
∼=
✲
⊕
|λ|=k
Rλ,
suh that ϕ−1(Rλ) an be represented by homogeneous polynomials of partition degree λ.
We an use this result to dene a partition degree on the oinvariant algebra: we simply
say that an element in RWk is homogeneous of partition degree λ if its image under the
isomorphism ϕ is in Rλ. We an therefore dene the Hilbert polynomial of R
W
with
respet to the partition degree by
Hilb(RW )(q1, . . . , qn) =
∑
λ
(dimRλ)q
λ1
1 · · · q
λn
n .
The dimensions of the W -modules Rλ an be easily desribed in terms of desents of
permutations. Given σ ∈W we dene a partition λ(σ) be letting
λ(σ)i = |Des(σ) ∩ {i, . . . , n}|.
Note that the knowledge of λ(σ) is equivalent to the knowledge of Des(σ) and thatmaj(σ) =
|λ(σ)|. Then we have the following result whih an be viewed as a renement of Equation
(1) (see [1, Corollary 3.11℄).
dimRλ = |{σ ∈W : λ(σ) = λ}|
One we know the dimensions of the W -modules Rλ we may wonder about their irre-
duible deomposition. For this reason we introdue the rened fake degree polynomial
fµ(q1, . . . , qn) as the polynomial whose oeient of q
λ1
1 · · · q
λn
n is the multipliity of the
representation µ in Rλ if λ is a partition, and zero otherwise, i.e.
fµ(Q) =
∑
λ
〈χµ, χRλ〉Qλ,
where Qλ
def
= qλ11 · · · q
λn
n . In this formula we denote by χ
ρ
the harater of a representation ρ
and by 〈·, ·〉 the salar produt on the spae of lass funtions onW with respet to whih the
haraters of the irreduible representations form an orthonormal basis. The polynomials
fµ(Q) have a very simple ombinatorial interpretation based on standard tableaux that we
are going to desribe.
Given a partition µ of n, the Ferrers diagram of shape µ is a olletion of boxes, arranged
in left-justied rows, with µi boxes in row i. A standard tableau of shape µ is a lling of
the Ferrers diagram of shape µ using the numbers from 1 to n, eah ourring one, in
suh way that rows are inreasing from left to right and olumns are inreasing from top
THE REFINED MULTIMAHONIAN DISTRIBUTION 5
to bottom. We denote by ST the set of standard tableaux with n boxes. For example the
following piture
7
4
2
1
6
3 5
T =
represents a standard tableau of shape (3, 2, 1, 1). We say that i is a desent of a standard
tableau T if i appears stritly above i+1 in T . We denote by Des(T ) the set of desents of
T and we let maj(T ) be the sum of its desents. Finally, we denote by µ(T ) the shape of
T . In the previous example we have Des(T ) = {1, 3, 5, 6} and so maj(T ) = 15. As we did
for permutations, given a tableau T we dene a partition λ(T ) by putting
(λ(T ))i = |Des(T ) ∩ {i, . . . , n}|.
It is known that irreduible representations of the symmetri group W are indexed by
partitions of n. We therefore use the same symbol µ to denote a partition or the orrespond-
ing Speht module. The following result appearing in [1, Theorem 4.1℄ desribes expliitly
the deomposition into irreduibles of theW -modules Rλ and renes a well-known result on
the irreduible deomposition of the homogeneous omponents of RW attributed to Lusztig
(unpublished) and to Kra±kiewiz and Weyman ([18℄).
Theorem 2.3. The multipliity of the representation µ in Rλ is
|{T tableau : µ(T ) = µ and λ(T ) = λ}|
and so
fµ(q1, . . . , qn) =
∑
{T :µ(T )=µ}
Qλ(T ).
3. Refined multimahonian distributions
We let C[X1, . . . ,Xk] be the algebra of polynomials in the nk variables xi,j , with i ∈ [k]
and j ∈ [n], i.e. we use the apital variable Xi for the n-tuple of variables xi,1, . . . , xi,n. We
onsider the natural ation of W k and of its diagonal subgroup ∆W on C[X1, . . . ,Xk]. By
means of the above deomposition of the oinvariant algebra we an also deompose the
algebra
C[X1, . . . ,Xk]
IW
k
+
∼= RW ⊗ · · · ⊗RW︸ ︷︷ ︸
k
in homogeneous omponents whose degrees are k-tuples of partitions with at most n parts.
In partiular we say that an element in C[X1, . . . ,Xk]/I
W k
+ is homogeneous ofmultipartition
THE REFINED MULTIMAHONIAN DISTRIBUTION 6
degree (λ(1), . . . , λ(k)) if it belongs to RW
λ(1)
⊗ · · · ⊗RW
λ(k)
by means of the above mentioned
anonial isomorphism. We are mainly interested in the subalgebra(
C[X1, . . . ,Xk]
IW
k
+
)∆W
∼=
C[X1, . . . ,Xk]
∆W
JW
k
+
.
Here JW
k
+ denotes the ideal generated by totally invariant polynomials with no onstant
term inside C[X1, . . . ,Xk]
∆W
and the isomorphism is due to the fat that the operator
F 7→ F#
def
=
1
|W |
∑
σ∈∆W
σ(F )
is an inverse of the natural projetion C[X1, . . . ,Xk]
∆W/JW
k
+ →
(
C[X1, . . . ,Xk]/I
W k
+
)∆W
.
We an therefore onsider the Hilbert polynomial
Hilb
(
C[X1, . . . ,Xk]
∆W
JW
k
+
)
def
=
∑
λ(1),...,λ(k)
dim
(
C[X1, . . . ,Xk]
∆W
JW
k
+
)
λ(1),...,λ(k)
Qλ
(1)
1 · · ·Q
λ(k)
k .
In this formula the symbol Qi stands for the n-tuple of variables qi,1, . . . , qi,n and the sum
is over all partitions λ(1), . . . , λ(k) with at most n parts.
Our next target is to desribe the previous Hilbert series. For this we need to introdue
one further ingredient. We dene the Kroneker oeients of W by
dµ(1) ,...,µ(k)
def
=
1
|W |
∑
σ∈W
χµ
(1)
(σ) · · ·χµ
(k)
(σ)
= 〈χµ
(1)
· · ·χµ
(k−1)
, χµ
(k)
〉W ,
where µ(1), . . . , µ(k) are irreduible representations of W . In other words dµ(1),...,µ(k) is the
multipliity of µ(k) in the (reduible) representation µ(1) ⊗ · · · ⊗ µ(k−1). These numbers
have been deeply studied in the literature (see, i.e. [7, 12, 20, 23℄) though they do not
have an expliit desription suh as a ombinatorial interpretation. A onsequene of our
main result is also a reursive ombinatorial denition of the numbers dµ(1) ,...,µ(k) whih is
independent of the harater theory of W .
Now we an state the following result whih relates the Hilbert series above with Kroneker
oeients and the rened fake degree polynomials.
Theorem 3.1. We have
Hilb
(
C[X1, . . . ,Xk]
∆W /JW
k
+
)
(Q1, . . . , Qk) =
∑
µ(1),...,µ(k)
dµ(1) ,...,µ(k)f
µ(1)(Q1) · · · f
µ(k)(Qk)
=
∑
T1,...,Tk
dµ(T1),...,µ(Tk)Q
λ(T1)
1 · · ·Q
λ(Tk)
k
Proof. The rst equality is essentially due to Solomon (see [27, Theorem 5.11℄). In fat,
although Solomon's result onerns only a simply graded G-module or a tensor power of a
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simply graded G-module (onsidered as a G ≀ Sn module), it an be easily generalized to
the present ontext of a generi multigraded G-module.
The seond equality follows diretly from Theorem 2.3. 
We reall that the algebra C[X1, . . . ,Xk]
∆W
, being Cohen-Maauley (see [28, Proposition
3.1℄), is a free algebra over its subalgebra C[X1, . . . ,Xk]
W k
. This implies diretly that if we
onsider C[X1, . . . ,Xk] as an algebra graded in N
k
in the natural way, then,
(2) Hilb
(
C[X1, . . . ,Xk]
∆W /IW
k
+
)
(q1, . . . , qk) =
Hilb(C[X1, . . . ,Xk]
∆W )(q1, . . . , qk)
Hilb(C[X1, . . . ,Xk]W
k)(q1, . . . , qk)
.
Now, the algebra C[X1, . . . ,Xk] is also multigraded by k-tuples of partitions with at most n
parts: we just say that a monomialM is homogeneous of multipartition degree (λ(1), . . . , λ(k))
if its exponent partition with respet to the variables xi,1, . . . xi,n is λ
(i)
for all i. We write in
this ase λ(i)(M)
def
= λ(i) for all i and Λ(M)
def
= (λ(1), . . . , λ(k)). The renement of Equation
(2) using the Hilbert series with respet to multipartition degree is no longer implied by
the Cohen-Maauleyness of C[X1, . . . ,Xk]
∆W
. For this we need to use the existene of the
representations Rλ in a more subtle way. Given σ ∈W we dene a monomial
aσ =
∏
x
λ(σ)i
σ(i) .
By denition we learly have λ(aσ) = λ(σ). In [15℄ and [1℄ it is proved that the set of
monomials {aσ : σ ∈ W} is a basis for the oinvariant algebra R
W
. The proof in [1℄ is
based on a straightening law. For its desription we need to introdue an ordering on the
set of monomials of the same degree: for m and m′ monomials of the same total degree in
C[X] we let m ≺ m′ if
(1) λ(m)⊳ λ(m′); or
(2) λ(m) = λ(m′) and inv(pi(m)) > inv(pi(m′)),
where pi(m) is the permutation pi having a minimal number of inversions suh that the
exponent in m of xpi(i) is greater than or equal to the exponent in m of xpi(i+1) for all i. The
straightening law is the following: let m be a monomial in C[X]. Then µ := λ(m)−λ(pi(m))
is still a partition and
(3) m = mµ · api(m) +
∑
m′≺m
cm,m′m
′,
where cm,m′ ∈ C and mµ is the monomial symmetri funtion. The straightening algorithm
stated in [1℄ uses elementary symmetri funtions instead of monomial symmetri funtions,
but one an easily hek that the two statements are equivalent. The fat that the set
{aσ : σ ∈W} is a basis of R
W
implies diretly that the set of monomials
aσ1,...,σk
def
= aσ1(X1) · · · aσk(Xk)
is a basis for the oinvariant algebra of W k, i.e. the algebra C[X1, . . . ,Xk]/I
W k
+ . Now,
the monomials aσ1,...,σk form a basis for the algebra C[X1, . . . Xk] as a free module over
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the subring C[X1, . . . ,Xk]
W k
of W k-invariants (being a basis of the oinvariant algebra
C[X1, . . . ,Xk]/I
W k
+ ), i.e.
C[X1, . . . ,Xk] =
⊕
σ1,...,σk∈W
C[X1, . . . ,Xk]
W kaσ1,...,σk .
The following result states a triangularity property of this basis. If (µ(1), . . . , µ(k)) and
(λ(1), . . . , λ(k)) are two k-tuples of partitions we write (µ(1), . . . , µ(k)) E (λ(1), . . . , λ(k)) if
µ(i) E λ(i) for all i and we denote by C[X1, . . . ,Xk]E(λ(1),...,λ(k)) the spae of polynomials
spanned by monomials with multipartition degree E(λ(1), . . . , λ(k)). We similarly dene
C[X1, . . . ,Xk]⊳(λ(1),...,λ(k)).
Lemma 3.2. Let M ∈ C[X1, . . . ,Xk] be a monomial and let
M =
∑
σ1,...,σk∈W
fσ1,...,σkaσ1,...,σk ,
where fσ1,...,σk ∈ C[X1, . . . ,Xk]
W k
. Then this sum is restrited to those σ1, . . . , σk suh that
Λ(M)− Λ(aσ1,...,σk) is a k-tuple of partitions and
fσ1,...,σk ∈ C[X1, . . . ,Xk]EΛ(M)−Λ(aσ1,...,σk ).
Proof. Given two monomials M = m1(X1) · · ·mk(Xk) and M
′ = m′1(X1) · · ·m
′
k(Xk) we let
M ≺ M ′ if mi ≺ m
′
i for all i. We proeed by a double indution on the total degree and
on ≺ within the set of monomials of the same multidegree. If M has total degree zero the
result is trivial. Otherwise let Λ(M) = (λ(1), . . . , λ(k)). If M is minimal with respet to
the ordering ≺ then λ(i) is minimal with respet to the dominane order for all i. If there
exists i suh that |λ(i)| ≥ n then M = (xi,1 · · · xi,n)M
′
and the result follows by indution
sine the total degree of M ′ is stritly smaller than the degree of M . If |λ(i)| < n for all
i then λ(i) = (1ki) by the minimality ondition. Then mi = api(mi) for all i and the result
follows. In the general ase we an apply the straightening law (3) to all the mi's getting
M = fM · api(m1),...,pi(mk) +
∑
M ′≺M
cM,M ′M
′,
where fM is a homogeneous W
k
-invariant polynomial of multipartition degree Λ(M) −
Λ(api(m1),...,pi(mk)). Then the result follows by indution. 
Now reall the already mentioned sequene of isomorphisms of W -modules
C[X1, . . . ,Xk]
∆W
JW
k
+
∼=
(
C[X1, . . . ,Xk]
IW
k
+
)∆W
∼= (RW ⊗ · · · ⊗RW︸ ︷︷ ︸
k times
)∆W
∼=
⊕
λ(1),...,λ(k)
(Rλ(1) ⊗ · · · ⊗Rλ(k))
∆W .
Consider a basis of (Rλ(1) ⊗ · · · ⊗ Rλ(k))
∆W
. Every element of suh a basis an be repre-
sented by a homogeneous element in C[X1, . . . ,Xk] of multipartition degree (λ
(1), . . . , λ(k))
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(by denition) whih is invariant for the ation of ∆W . In fat, if a representative F
of a basis element is not ∆W -invariant we an onsider its symmetrization F# sine,
learly, F and F# represents the same lass in (Rλ(1) ⊗ · · · ⊗ Rλ(k))
∆W
. We denote by
B(λ(1), . . . , λ(k)) this set of representatives, i.e. B(λ(1), . . . , λ(k)) is a set of polynomials in
C[X1, . . . ,Xk]
∆W
of multipartition degree (λ(1), . . . , λ(k)) whose orresponding lasses form
a basis of (Rλ(1)⊗· · ·⊗Rλ(k))
∆W
. We denote by B the (disjoint) union of all B(λ(1), . . . , λ(k)).
By the Cohen-Maauleyness of C[X1, . . . ,Xk]
∆W
we an dedue that the set B is a basis
for C[X1, . . . ,Xk]
∆W
as a free C[X1, . . . ,Xk]
W k
-module (see [28, Proposition 3.1℄), i.e.
C[X1, . . . ,Xk]
∆W =
⊕
b∈B
C[X1, . . . ,Xk]
W k · b.
The following result implies a ruial triangularity property of the basis B.
Lemma 3.3. Let F ∈ C[X1, . . . ,Xk]
∆W
be homogeneous of multipartition degree Λ(F ).
Then the unique expression
F =
∑
b∈B
fbb,
with fb ∈ C[X1, . . . ,Xk]
W k
for all b ∈ B, is suh that the sum is restrited to those b ∈ B
for whih Λ(F )− Λ(b) is a k-tuple of partitions and
fb ∈ C[X1, . . . ,Xk]
W k
EΛ(F )−Λ(b).
Proof. Let ≺ be a total order on the set of k-tuples of partitions of length at most n
satysfying the following two onditions
• If |µ(1)|+ · · ·+ |µ(k)| < |λ(1)|+ · · ·+ |λ(k)| then (µ(1), . . . , µ(k)) ≺ (λ(1), . . . , λ(k));
• If µ(i) E λ(i) for all i, then (µ(1), . . . , µ(k)) ≺ (λ(1), . . . , λ(k)).
We proeed by indution on the multipartition degree of F with respet to the total order ≺.
If F has degree zero then the result is trivial. Otherwise let Λ(F ) = (λ(1), . . . , λ(k)) be the
multipartite partition degree of F . Then F represents an element in (Rλ(1)⊗· · ·⊗Rλ(k))
∆W
.
Therefore,
F =
∑
b∈B(λ(1),...,λ(k))
cbb
in (Rλ(1) ⊗ · · · ⊗Rλ(k))
∆W
. This means that
F =
∑
b∈B(λ(1) ,...,λ(k))
cbb+G
in (RW ⊗ · · · ⊗RW︸ ︷︷ ︸
k times
)∆W , where G is a ∆W -invariant polynomial suh that
G ∈ C[X1, . . . ,Xk]
∆W
⊳Λ(F ).
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Finally we dedue from this that
F =
∑
b∈B(µ(1) ,...,µ(k))
cbb+G+H
in C[X1, . . . ,Xk]
∆W
, where H belongs to IW
k
+ . We an learly assume that G and H are ho-
mogeneous with the same total multidegree of F . The indution hypothesis applies diretly
to G. Regarding H, by Lemma 3.2, we an express H =
∑
σ1,...,σk
fσ1,...,σkaσ1,...,σk with
fσ1,...,σk ∈ C[X1, . . . ,Xk]
W k
EΛ(F )−Λ(aσ1,...,σk )
sine H is a sum of monomials of multipartition
degree smaller than or equal to Λ(F ) in dominane order. Moreover, all the polynomials
fσ1,...,σk have positive degree sine H ∈ I
W k
+ . Now we an apply the operator # to this
identity and we get
H =
∑
σ1,...,σk
fσ1,...,σka
#
σ1,...,σk
.
Finally we an apply our indution hypothesis to the polynomials a#σ1,...,σk sine they have
degree smaller than F and the proof is ompleted by observing that, learly,
C[X1, . . . ,Xk]EΛ · C[X1, . . . ,Xk]EΛ′ ⊆ C[X1, . . . ,Xk]EΛ+Λ′ .

We observe that Lemma 3.3 fails to be true for a generi homogeneous basis B of
C[X1, . . . ,Xk]
∆W
as a free C[X1, . . . ,Xk]
W k
-module. We refer the reader to [21, Se-
tion 4.2℄, [2℄ and [6℄ for the expliit desription of some bases of C[X1, . . . ,Xk]
∆W
over
C[X1, . . . ,Xk]
W k
, with partiular attention to the ase k = 2.
For notational onveniene, if Λ = (λ(1), . . . , λ(k)) is a multipartition, we denote by
QΛ
def
= Qλ
(1)
1 · · ·Q
λ(k)
k =
k∏
i=1
n∏
j=1
q
λ
(i)
j
i,j .
Corollary 3.4. We have
Hilb
(
C[X1, . . . ,Xk]
∆W
JW
k
+
)
(Q1, . . . , Qk) =
Hilb(C[X1, . . . ,Xk]
∆W )(Q1, . . . , Qk)
Hilb(C[X1, . . . ,Xk]W
k)(Q1, . . . , Qk)
=
∑
b∈B
QΛ(b)
Proof. The fat that Hilb
(
C[X1, . . . ,Xk]
∆W/JW
k
+
)
(Q1, . . . , Qk) =
∑
b∈BQ
Λ(b)
is lear from
the denition of the multipartition degree on C[X1, . . . ,Xk]
∆W /JW
k
+ and the denition of
the set B. Lemma 3.3 implies that
dimC[X1, . . . ,Xk]
∆W
EΛ =
∑
b∈B
∑
{Λ′:Λ′+Λ(b)EΛ}
dimC[X1, . . . ,Xk]
W k
Λ′ ,
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and similarly with ⊳ instead of E. Therefore
dimC[X1, . . . ,Xk]
∆W
Λ = dimC[X1, . . . ,Xk]
∆W
EΛ − dimC[X1, . . . ,Xk]
∆W
⊳Λ
=
∑
b∈B
∑
{Λ′:Λ′+Λ(b)=Λ}
dimC[X1, . . . ,Xk]
W k
Λ′ .
Note that in the last sum there is only one summand orresponding to Λ′ = Λ−Λ(b) if this
is a multipartition, and there are no summands otherwise. So we have
Hilb(C[X1, . . . ,Xk]
∆W ) =
∑
Λ
dimC[X1, . . . ,Xk]
∆W
Λ Q
Λ
=
∑
Λ
∑
b∈B
∑
{Λ′:Λ′+Λ(b)=Λ}
dimC[X1, . . . ,Xk]
W k
Λ′ Q
Λ
=
∑
b∈B
∑
Λ′
dimC[X1, . . . ,Xk]
W k
Λ′ Q
Λ′+Λ(b)
=
∑
b∈B
QΛ(b)
∑
Λ′
dimC[X1, . . . ,Xk]
W k
Λ′ Q
Λ′
=
∑
b∈B
QΛ(b)Hilb(C[X1, . . . ,Xk]
W k).

Now we need to study the two Hilbert series of the invariant algebras C[X1, . . . ,Xk]
∆W
and C[X1, . . . ,Xk]
W k
with respet to the multipartition degree. Before stating our next
result we need to reall a lassial theorem that an be attributed to Gordon [16℄ and
Garsia and Gessel [14℄ on multipartite partitions. We say that a olletion (f (1), . . . , f (k))
of k elements of Nn is a k-partite partition if f
(i)
j ≥ f
(i)
j+1 whenever f
(h)
j = f
(h)
j+1 for all h < i.
For notational onveniene we denote by W (k)
def
= {(σ1, . . . , σk) ∈ W
k : σ1 · · · σk = 1)}.
The main property of k-partite partitions that we need is the following.
Theorem 3.5. There exists a bijetion between the set of k-partite partitions and the set
of 2k-tuples (σ1, . . . , σk, µ
(1), . . . , µ(k)) suh that
• (σ1, . . . , σk) ∈W
(k)
;
• µ(i) is a partition with at most n parts;
• µ
(i)
j > µ
(i)
j+1 whenever j ∈ Des(σi).
The bijetion is suh that µ(i) is obtained by reordering the oeients of f (i).
We an now prove the following formula for the quotient of the Hilbert polynomials with
respet to the multipartition degree assoiated to the invariant algebras of ∆W and W k.
Theorem 3.6. We have
Hilb(C[X1, . . . ,Xk]
∆W )(Q1, . . . , Qk)
Hilb(C[X1, . . . ,Xk]W
k)(Q1, . . . , Qk)
=
∑
(σ1,...,σk)∈W (k)
Q
λ(σ1)
1 · · ·Q
λ(σk)
k
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Proof. We observe that the set of monomials Xf
(1)
1 · · ·X
f(k)
k as (f
(1), . . . , f (k)) varies among
all possible k-partite partitions is a set of representatives for the orbits of the ation of ∆W
in the set of monomials in C[X1, . . . ,Xk]. By means of Theorem 3.5 we an dedue that
Hilb(C[X1, . . . ,Xk]
∆W )(Q1, . . . , Qk) =
∑
σ1,...,σk,
µ(1),...,µ(k)
Qµ
(1)
1 · · ·Q
µ(k)
k ,
where the indies in the previous sum are suh that they satisfy the onditions stated in
Theorem 3.5. We now observe that we have an equivalene of onditions
µ
(i)
j > µ
(i)
j+1 whenever j ∈ Des(σi)⇐⇒ µ
(i) − λ(σi) is a partition.
Therefore we an simplify the previous sum in the following way∑
σ1,...,σk,
µ(1),...,µ(k)
Qµ
(1)
1 · · ·Q
µ(k)
k =
∑
(σ1,...,σk)∈W (k)
∑
ν(1),...,ν(k)
Q
ν(1)+λ(σ1)
1 · · ·Q
ν(k)+λ(σk)
k ,
where the last sum is on all possible k-tuples of partitions ν(1), . . . , ν(k) of length at most
n. The result follows sine, learly,
Hilb(C[X1, . . . ,Xk]
W k =
∑
ν(1),...,ν(k)
Qν
(1)
1 · · ·Q
ν(k)
k .

Putting all these results together we obtain the following sequene of equivalent inter-
pretations for what we may all the rened multimahonian distribution.
Theorem 3.7. We have
W (Q1, . . . , Qk)
def
=
∑
T1,...,Tk
dµ(T1),...,µ(Tk)Q
λ(T1)
1 , . . . , Q
λ(Tk)
k
=
∑
µ(1),...,µ(k)
dµ(1) ,...,µ(k)f
µ(1)(Q1) · · · f
µ(k)(Qk)
= Hilb
(
C[X1, . . . ,Xk]
∆W/JW+ )
)
(Q1, . . . , Qk)
=
Hilb(C[X1, . . . ,Xk]
∆W )(Q1, . . . , Qk)
Hilb(C[X1, . . . ,Xk]W
k)(Q1, . . . , Qk)
=
∑
σ1···σk=1
Q
λ(σ1)
1 · · ·Q
λ(σk)
k
Proof. The four identities are the ontents of Theorem 3.1, Corollary 3.4 and Theorem 3.6
respetively. 
The ardinality of the set of k-tuples of permutations in W (k) having xed desent
sets was already studied by Gessel in [17℄ and the idea to use Kroneker produts (of
quasi symmetri funtions) is already present in his work. Nevertheless, Gessel's approah
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by means of quasi symmetri funtions and the present approah my means of diagonal
invariants are ertainly dierent, and we believe that the present results an not be dedued
from Gessel's work in a standard way.
The reason why we all the distribution W (Q1, . . . , Qk) rened is that one an onsider
its oarse version W (q1, . . . qk) obtained by putting qi,j = qi for all i and j. In this ase one
obtains the so-alled multimahonian distribution
∑
(σ1,...,σk)∈W (k)
q
maj(σ1)
1 · · · q
maj(σk)
k whih
has been extensively studied in the literature (see, e.g., [3, 5, 8, 13, 14℄).
Corollary 3.8. There exists a map T : W (k) −→ ST k satisfying the following two ondi-
tions:
(1) For every k-tuple of tableaux (T1, . . . , Tk),
|T −1(T1, . . . , Tk)| = dµ(T1),...,µ(Tk).
In partiular it depends only on the shapes of the tableaux T1, . . . , Tk;
(2) if T (σ1, . . . , σk) = (T1, . . . , Tk) then Des(Ti) = Des(σi) for all i = 1, . . . , k.
The lassial Robinson-Shensted orrespondene (see [29, 7.11℄ for a desription of this
orrespondene) provides a bijetive proof of this orollary in the ase k = 2.
We an also onjeture that the orrespondene T of Corollary 3.8 should be well-behaved
with respet to yli permutations of the arguments in the sense that
T (σ1, . . . , σk) = (T1, . . . , Tk) =⇒ T (σ2, . . . , σk, σ1) = (T2, . . . , Tk, T1).
Problem 3.9. Find the map T of Corollary 3.8 expliitly.
We observe that the resolution of this Problem would provide also an expliit ombina-
torial interpretation for the oeients dµ(1),...,µ(k) .
4. Combinatorial appliations
In this nal setion we dedue some ombinatorial results on Kroneker oeients and
permutation enumeration that follow from the results of the previous setion. Our next
goal is to show that we do not need to know the oeients dµ(1),...,µ(k) to solve Problem
3.9. This is beause Corollary 3.8 uniquely determines the oeients dµ(1),...,µ(k) in the
following sense.
Proposition 4.1. Let T :W (k) → ST k be suh that
(1) |T −1(T1, . . . , Tk)| depends uniquely on the shapes of T1, . . . , Tk;
(2) if T (σ1, . . . , σk) = (T1, . . . , Tk) then Des(Ti) = Des(σi) for all i = 1, . . . , k.
Then T satises the onditions of Corollary 3.8, i.e. |T −1(T1, . . . , Tk)| = dµ(T1),...,µ(Tk) for
all (T1, . . . , Tk) ∈ ST
k
.
This proposition is an immediate onsequene of the following results whih provides also
an expliit entirely ombinatorial algorithm to ompute the oeients dµ(1) ,...,µ(k) .
Lemma 4.2. Let µ = (µ1, . . . , µr) be a partition of n (with µr > 0). Then
THE REFINED MULTIMAHONIAN DISTRIBUTION 14
(1) there exists a unique standard tableau Tµ of shape µ and desent set Des(Tµ) =
{µ1, µ1 + µ2, . . . , µ1 + · · ·+ µr−1};
(2) if T is a standard tableau and Des(T ) = Des(Tµ), then µ(T )D µ.
Proof. The unique tableau Tµ satisfying these onditions is obtained by inserting the num-
bers form 1 to µ1 in the rst row of the Ferrers diagram of µ, then the numbers from µ1+1
to µ1+µ2 in the seond row and so on in the following rows. The uniqueness of Tµ is lear
sine the position of any single entry is fored by the desents onditions and the shape of
the tableau.
We observe that the number of desents of a tableau is at least the number of rows minus
1. This is beause if i 6= 1 appears in the rst olumn of T then i − 1 is neessarily above
it and so i − 1 ∈ Des(T ). Suppose T is a standard tableau with the same desents as
Tµ. Consider the subtableau Ti of T onsisting of the boxes lled with entries bounded by
µ1 + · · · + µi. Then Ti has exatly i− 1 desents. So, if j is the number of rows of Ti, we
have i− 1 ≥ j − 1, i.e. j ≤ i, by the previous observation. This implies that the numbers
from 1 to µ1 + · · ·+ µi appear all in the rst i rows of T and the laim follows. 
The following orollary is a reursion satised by the oeients dµ(1),...,µ(k) and proves
Proposition 4.1.
Corollary 4.3. Let µ(1), . . . , µ(k) be a multipartition and let Di = Des(Tµ(i)). Then
dµ(1),...,µ(k) =
∑
(σ1,...,σk)∈W
(k):
Des(σi)=Di
1−
∑

T1,...,Tk∈ST : Des(Ti)=Di and
(µ(T1),...,µ(Tk))⊲(µ
(1),...,µ(k))
ff dµ(T1),...,µ(Tk).
Proof. By Corollary 3.8 we have∑
T1,...,Tk∈ST :
Des(Ti)=Di
dµ(T1),...,µ(Tk) =
∑
(σ1,...,σk)∈W
(k):
Des(σi)=Di
1.
Now the laim follows by Lemma 4.2. 
Example 4.4. Let n = 4 and k = 3. We ompute d , , by means of Corollary 4.3.
In this ase we have D1 = {3},D2 = {2},D3 = {2, 3}. We have to determine all tableaux
having these desents sets. Now we observe that the unique tableau having desent set D1,
is T and the unique tableau having desent set D3 is T . On the other hand there are
two tableaux having desent set D2 and these are T and 3
1 2 4
. So we have
d , , =
∑
(σ1,σ2,σ3)∈W (3):
Des(σi)=Di
1− d , ,
The sum in the previous formula is 2 sine the only two triplets in the index set are
(1243, 1423, 1432) and (2341, 2413, 2431). So we dedue that d , , = 2−d , , . Now
we ompute d , , by applying again Corollary 4.3. In this ase we have D1 = D2 = {3}
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and D3 = {2, 3}. By the previous observations on the tableaux having these desent sets
we dedue that
d , , =
∑
(σ1,σ2,σ3)∈W (3):
Des(σi)=Di
1.
The last sum equals 1 sine the only element in the index set is (1342, 1243, 1432) and we
an onlude that d , , = 1.
To onlude this paper we prove some new results on permutation statistis that an be
dedued from Corollary 3.8. The rst observation is a diret onsequene of the symmetry
of Kroneker oeients with respet to their arguments. Let D1, . . . ,Dk ⊆ [n− 1] and let
pi be any permutation on {1, . . . , k}. Then
(4) |{(σ1, . . . , σk) ∈W
(k) : Des(σi) = Di}| = |{(σ1, . . . , σk) ∈W
(k) : Des(σi) = Dpi(i)}|.
This naturally leads to onsider the following.
Problem 4.5. Find a ombinatorial bijetive proof for the identity (4).
It is plausible that the resolution of this problem ould be a rst step towards the
resolution of Problem 3.9.
The lassial Robinson-Shensted orrespondene allows one to prove some results on
permutation enumeration and in partiular on the bimohonian distributions (see for example
[11, 13, 5℄). So, it is natural to ask how we an generalize these properties using the existene
of the multivariate Robinson-Shensted orrespondene. If X is either a permutation on n
elements or a tableau with n entries we denote by
Codes(X)
def
= {i : n− i ∈ Des(X)};
Asc(X)
def
= [n− 1] \Des(X);
Coasc(X)
def
= {i : n− i ∈ Asc(X)}.
The following is a multivariate generalization of a result of Foata and Shützenberger ([13,
Theorem 2℄)
Proposition 4.6. For all I ⊂ {1, ..., k} there exists an involution FI : W
(k) → W (k) suh
that, if FI(σ1, . . . , σk) = (τ1, ..., τk), then
Des(σi) =
{
Codes(τi) if i ∈ I;
Des(τi) otherwise.
Proof. We reall (see [13, 25℄) that there exists a bijetion T 7→ T J on the set of stan-
dard tableaux of the same shape suh that Des(T ) = Codes(T J). Then the result follows
immediately from Corollary 3.9. 
It is lear that we an substitute in Proposition 4.6 Des with Asc and Codes with Coasc
obtaining an analogous result. We an unify and generalize Equation (4) and Proposition
4.6 in the following statement.
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Theorem 4.7. Fix k subsets D1, . . . ,Dk ⊆ [n−1] arbitrarily. Then for any integer sequene
0 ≤ i1 ≤ i2 ≤ i3 ≤ k and for any permutation pi on [k] the ardinality C(i1, i2, i3;pi) of the
set 
(σ1, . . . , σk) ∈W
(k) : Di =


Des(σpi(i)) if 0 < i ≤ i1,
Codes(σpi(i)) if i1 < i ≤ i2,
Asc(σpi(i)) if i2 < i ≤ i3,
Coasc(σpi(i)) if i3 < i ≤ k,


depends only on the parity of i2, and in partiular it does not depend on the indies i1, i3
and on the permutation pi.
Proof. Sine the knowledge of one of the three sets Codes(σ), Asc(σ), Coasc(σ) is equivalent
to the knowledge of the set Des(σ) it is lear that, by (4), the number C(i1, i2, i3;pi) does
not depend on pi. So we an assume that pi = Id. Then, from Proposition 4.6, we dedue
that C(i1, i2, i3; Id) depends only on i2.
To prove that C(i1, i2, i3;pi) depends only on the parity of i2 we onsider the following
permutation on W (k)
(σ1, . . . , σk) 7→ (σ1w0, w0σ2, . . . , σ2h−1w0, w0σ2h, σ2h+1, . . . , σk),
where h is an integer suh that 2h ≤ k and w0 = (n, n − 1, . . . , 1) is the top element of
W . Observing that Des(σ) = Coasc(σw0) = Asc(w0σ) for all σ ∈ W , this map proves
bijetively that C(k, k, k, Id) = C(k − 2h, k − 2h, k − h, pi), where pi = (2h + 1, 2h +
2, . . . , k, 2, 4, . . . , 2h, 1, 3, . . . , 2h− 1) and C(k − 1, k − 1, k − 1, Id) = C(k− 1− 2h, k − 1−
2h, k− 1−h), pi′), where pi′ = (2h+1, 2h+2, . . . , k− 1, 2, 4, . . . , 2h, 1, 3, . . . , 2h− 1, k)) and
the proof is omplete. 
As an example on how we an obtain properties on the Kroneker oeients by means
of Proposition 4.1 avoiding their denition in terms of haraters of the symmetri group
we show the following result. If λ is a partition we denote by λ′ the partition onjugate to
λ.
Corollary 4.8. We have
dλ(1),...,λ(k) = dλ(1)′ ,λ(2)′ ,λ(3),...,λ(k)
Proof. It is lear that transposition T 7→ T t is a bijetion between standard tableaux of
onjugate shapes suh that Des(T ) = Asc(T t). Then, by Corollary 3.9 and Theorem 4.7
we have∑
(T1,...,Tk)∈ST
k:
Des(Ti)=Di
dλ(T1)′,λ(T2)′,λ(T3)...λ(Tk) =
∑
(T1,...,Tk)∈ST
k:
Asc(Ti)=Di, i=1,2
Des(Ti)=Di, i≥3
dλ(T1),...,λ(Tk) =
∑
(σ1,...,σk)∈W
(k):
Asc(σi)=Di, i=1,2
Des(σi)=Di, i≥3
1
=
∑
(σ1,...,σk)∈W
(k):
Des(σi)=Di
1 =
∑
(T1,...,Tk)∈ST
k:
Des(Ti)=Di
dλ(T1),...,λ(Tk).
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Now we an onlude realling the uniqueness of the oeients dλ(1),...,λ(k) given by Propo-
sition 4.1.
We note that this result an also be easily obtained from the denition of the Kroneker
oeients realling that the irreduible representation indexed by λ′ is isomorphi to the
tensor produt of the irreduible representation indexed by λ with the alternant represen-
tation. 
We onlude this paper with the following result that we state without proof. The
Robinson-Shensted orrespondene an be naturally generalized to the so-alled RSK-
orrespondene (where the K stands for Knuth) between multisets with support in N
2
of ardinality n and pairs of semistandard tableaux of the same shape. One an show
that an analogous orrespondene exists also in the multivariate ase between multisets
with support in N
k
of ardinality n and k-tuples of semistandard Young tableaux of size
n preserving desents. Here the desent sets Des1(A), . . .Desk(A) of a multiset A are by
denition the desent sets of the permutations appearing in Theorem 3.5 for the k-partite
partition obtained reordering the elements of A. The desents of a semistandard tableau
are the desents of its standardized tableau.
Theorem 4.9. There exists a orrespondene T between multisets with support in Nk of
ardinality n and k-tuples of semistandard Young tableaux of size n suh that,
(1) |T −1(T1, . . . , Tk)| = dµ(T1),...,µ(Tk);
(2) if T (A) = (T1, . . . , Tk) then the multipliity of i in Tj is equal to the multipliity of
i within the j-th oordinates of the elements of A and
(3) Des(Ti) = Desi(A).
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